THE UNIRATIONALITY OF THE MODULI SPACES OF 
2-ELEMENTARY Kl> SURFACES 



SHOUHEI MA 



with an Appendix by Ken-Ichi Yoshikawa 

Abstract. We prove that the moduh spaces of A'3 surfaces with non-symplectic 
involutions are unirational. As a by-product we describe configuration spaces of 
5 < d < 8 points in P- as arithmetic quotients of type IV. 

1. Introduction 

A'3 surfaces with non-symplectic involutions were classified by Nikulin fiV\, 
and Yoshikawa f36l showed that their moduh spaces are Zariski open sets of certain 
modular varieties of orthogonal type. In this paper we prove that those moduli 
spaces are unirational. This work was inspired by a recent result of Yoshikawa on 
the Kodaira dimensions of those spaces, which is presented by him in the Appendix 
|A]of this paper. Let us begin by recalling basic definitions. 

Let X be a complex ^3 surface with an involution t. When i acts nontrivially on 
H^{Kx), L is called non-symplectic, and the pair (X, t) is called a 2-elementary K3 
surface. In this case, the lattice L+ = H^(X, Z)' of i-invariant cycles is a hyperbolic 
lattice with 2-elementary discriminant form Di^. The main invariant of (X, t) is the 
triplet (r, a, 6) where r is the rank of L+, a is the length of Di , i.e., Di^ - {Z/2Z)", 
and 6 is the parity of Dl . Nikulin [31] proved that the deformation type of {X,l) 
is determined by the main invariant (r, a, 6), and he enumerated all main invariants 
of 2-elementary K3 surfaces, which are seventy-five in number. 

By the theory of period mapping, 2-elementary K3 surfaces of a fixed main 
invariant (r, a, 6) are parametrized by the Hermitian symmetric domain associated 
to a certain lattice L_ of signature (2, 20 - r). Yoshikawa |[36l . |[38l determined the 
correct monodromy group as the orthogonal group 0(L_) of L_. Consequently, he 
constructed the moduli space M(r,a,s) of those pairs {X, t) as a Zariski open set of 
the modular variety defined by 0(L_). 

The principal result of the present paper is the following. 

Theorem 1.1. For every main invariant (r, a, 5) the moduli space Ai(r,a,6) of 2- 
elementary K3 surfaces of type {r,a,6) is unirational. 

We recall that the 2-elementary A'3 surfaces in At(ijj) are double planes 
ramified over smooth sextics so that At(i,i,i) is birational to the orbit space 
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|Op2(6)|/PGL3, which is unirational. This fact is a prototype of Theorem 11.11 
Kondo II2TII proved the rationality of Al(io,2,0) and Al(io,io,0), the latter being iso- 
morphic to the moduli of Enriques surfaces. Shepherd-Barron [34] practically es- 
tablished the rationality of Al(5,5j) in the course of proving that of the moduli of 
genus 6 curves. Matsumoto-Sasaki-Yoshida [26] constructed general members of 
Al(i6,6,i) starting from six lines on P^. A similar idea was used by Koike-Shiga- 
Takayama-Tsutsui (2^] to obtain general members of A1(i4,8,i) from four bidegree 
(1, 1) curves on x P^. In particular, Al(i6,6,i) and Al(i4,8j) are also unirational. 

Yoshikawa studied the birational type of M(r,a,s) in a systematic way by using 
a criterion of Gritsenko [12] and Borcherds products. He found that M(r,a,s) has 
Kodaira dimension -00 when 13 < r < 17 and when r + a = 22, r < 17. After 
that he suggested to the author to study the birational type of M{r,a,S) through a 
geometric approach. The present work grew out of this suggestion. After Theorem 
11.11 was proved, Yoshikawa and the author decided to write both approaches in 
this paper. Yoshikawa's work is presented in the Appendix El Now the Kodaira 
dimensions of some of M(r^a,S) may be calculated by two methods: by modular 
forms on the moduli spaces, and by the geometry of 2-elementary K2> surfaces. 

We will prove Theorem 1 1.1 1 by using certain Galois covers of M{r,a,5) and isoge- 
nics between them. The strategy is as follows. 

(1) Let M(r^a,S) be the modular variety associated to the group 0(L_) of isome- 
trics of L_ which act trivially on the discriminant form. The variety M(r^a,S) 
is a Galois cover of M(r^a,S)- 

(2) Construct an isogeny M{r,a,S) M(r,a',S') when a' < a, 6 = I, and when 
a' < a,6 = 6'. 

(3) For each fixed r, choose a large a and find a moduli interpretation of (an 
open set of) M(r,a,s)- Then prove that M(r,a,s) is unirational using that in- 
terpretation. By step (2) follows the unirationality of M(r,a',s') for a' < a. 

(4) The remaining moduli spaces M(r,a",s") with a" > a, if any, are also proved 
to be unirational in some way. 

One of the advantages of studying the covers M(r,a,s) is that we have isogenics 
between them so that the problem is reduced to fewer modular varieties. Those iso- 
genics admit geometric interpretation in terms of twisted Fourier-Mukai partners. 
By this strategy we will derive the unirationality of seventy M(r^a,6) by studying 
just twenty-two M(r,a,s)- The remaining five moduli spaces M(r,a,s), for which we 
do not know whether the covers M(r,a,d) are unirational, are treated in step (4) or 
already settled ( iflTl ). In step (3), we often identify M{r,a,6) with the moduli of 
certain plane sextics endowed with a labeling of the singularities. We can attach 
such geometric interpretations to M(r,a.S) in a fairly uniform manner: this is another 
virtue of studying M(r,a,S)- We shall explain a general idea of such interpretations 
(Section [34l ). discuss few cases in detail as models (Sections|4]and[5]), and for other 
cases omit some detail. 

Let us comment on other possible approaches for Theorem 11.11 Firstly, as ex- 
plained by Alexeev-Nikulin UJ, 2-elementary ^"3 surfaces with r + a < 20 are 
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related to log del Pezzo surfaces of index < 2. Thus one might study M(r,a,s) via 
the moduli of such surfaces, using the explicit description of log del Pezzo surfaces 
of index 2 given by Nakayama [29]. Secondly, by using singular curves on and 
F„ as branches (as in this paper), for most (r, a, 6) we can actually find a unirational 
parameter space that dominates M(r,a,s)- 

In |[25]| . those will be developed further to derive the rationality of sixty-seven 
M(r,a,S)- Hence one may establish Theorem [TTT] also by just studying the remaining 
moduli spaces. However, the proof of rationality is delicate and ad hoc, so that the 
whole proof of unirationality would be lengthy if we do so. We here prefer the 
proof using M{r^a,5) because it is more systematic, short, and self-contained. 

We will relate the covers M(r,a,S) with r -i- a = 22 and r > 12 to configuration 
spaces of points in P^. As a by-product we describe those spaces as arithmetic 
quotients of type IV. To be more precise, let Ud c (P^)'' (resp. Vd c (P^)'') be the 
variety of d ordered points of which no three are collinear (resp. only the first three 
are collinear). Let UdIG and VdIG denote the quotient varieties for the diagonal 
actions of G = PGL3. Let L„ be the lattice (2)^ ® (-2)". 

Theorem 1.2. Let 5 < d <%. For each \ <n <% there exists an arithmetic group 
r„ c 0(L„) such that one has birational period maps 

UdIG -> T{Y2d-^), VdIG T{T2d-9), 

where !F(r„) is the modular variety associated to r„. One has r„ = 0(L„) for 
I < n < 6, and for n = 1,S one has r„ D 0(L„) with r„/0(L„) - S„_5 where 
is the symmetric group on N letters. 

When J < 6, we recover some results of Matsumoto-Sasaki-Yoshida f26l. They 
constructed a period map for U(„ and then obtained lower-dimensional period maps 
by degeneration. The novel part of Theorem 11.21 is the construction of the period 
maps for J = 7, 8 points. Also our period maps for < 6 are derived from the ones 
for d -1,^, and are not identical to the ones of 1261 . It is a future task to study the 
whole boundary behavior of the period maps. 

Kondo, Dolgachev, and van Geemen Il23l . ifTOl . Il24l described the spaces UdIG 
for 5 < J < 7 as ball quotients. It is also known |TT| that U-ilG can be described as 
a Siegel modular variety. Thus those spaces UdIG admit (birationally) the structure 
of an arithmetic quotient in more than one way: after suitable compactifications, 
they may provide examples of "Janus-like" varieties (cf. ifTTl ). In view of the 
relation with the moduli of del Pezzo surfaces, it would also be interesting to study 
the Weyl group action on T(J'2d'^) induced by the period map. 

The rest of the paper is structured as follows. In Section [2] we review the nec- 
essary facts concerning lattices, modular varieties, and invariant theory. In Section 
[3] we gather basic results on 2-elementary KJi surfaces with particular attention to 
the relation with singular sextic curves. The proof of Theorem 1 1.1 1 will be devel- 
oped from Section HI to Section |9l Theorem 11.21 will be proved in Sections |7l [H 
and|9l In Section[lO]we deduce the unirationality of the moduli spaces of Borcea- 
Voisin threefolds as a consequence of Theorem ll.il In the Appendix |A] written by 
Yoshikawa, the approach by modular forms is presented. 
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Otherwise stated, we work in the category of algebraic varieties over C. 

2. Preliminaries 

2.1. Lattices. Let L be a lattice, i.e., a free Z-module of finite rank endowed with 
a non-degenerate integral symmetric bilinear form (, ). The orthogonal group of L 
is denoted by 0(L). For an integer n 0, L{n) denotes the scaled lattice (L, n{, )). 
The lattice L is even if {1, 1) e 2Z for all Z e L, and odd otherwise. The dual lattice 

- Hom(L, Z) of L is canonically embedded in L ® Q and contains L. On the 
finite abelian group D^, = L^/L we have the Q/Z- valued bilinear form bi defined 
by bi,{x + L,y + L) = (x, y) + Z. We denote by 0(L) c 0(L) the group of isometrics 
of L which act trivially on Dl- When L is even, bt is induced by the quadratic form 
qi'. Dl ^ Q/2Z, qiix + L) = {x, x) + 2Z, which is called the discriminant form of 
L. We denote by r/, : 0(L) — > 0(Di, qi) the natural homomorphism. 

Proposition 2.1 (fSOl). Let A be an even unimodular lattice and L be a primitive 
sublattice of A. with the orthogonal complement M. Then one has a natural isome- 
try A : (Dl, qi) ~ {Dm, —qn) defined by the relation x + A{x) e A, x € Di. For two 
isometries e 0(L) and jm £ 0(M), the isometry ® yM of L® M extends to 
that of A if and only if ri{yi) = o rMiym) ° ^■ 

A lattice L is called 2-elementary if Dl is 2-elementary, i.e., Dl - (Z/2Z)" for 
some a > 0. The main invariant of an even 2-elementary lattice L is the quadruplet 
r_, a, d) where (r+, r_) is the signature of L, a is the length of Dl as above, and 
6 is defined by 5 ^ if ^l(^)l) c Z/2Z and 5 = 1 otherwise. By Nikuhn [[33, the 
isometry class of L is uniquely determined by the main invariant if L is indefinite. 
When L is hyperbolic, we also call the triplet (1 + r-,a,d) the main invariant of L. 
In this paper we often use the following 2-elementary lattices with basis: 

(2.1) M„ = {2) ® ={h,eu--- ,en-i), 

(2.2) U{1) = {u,v), 

where {h,e\, - ■ ■ ,e„-i] are orthogonal basis with {h,h) = 2 and (e,,e,) = -2, and 
{u, v} are basis with {u, u) = (v, v) = and (u, v) = 2. Let 

(2.3) Ak3^U^®eI 

be the even unimodular lattice of signature (3, 19) where U is the hyperbolic plane 
(the scaling of U{2) hy j) and is the rank 8 even negative-definitive unimodular 
lattice. The following assertion is due to Nikulin. 

Proposition 2.2 ([301, Bill ). Let L be an even hyperbolic 2-elementary lattice. If a 
primitive embedding L Ak3 exists, then it is unique up to the action ofO{AfC3)- 

2.2. Orthogonal modular varieties. Let L be a lattice of signature (2, r_) and let 

r c 0(L) be a finite-index subgroup. The group T acts properly discontinuously 
on the complex manifold 
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The domain Q.l has two connected components, say Q.^ and Q.^. We denote by 
the group of those isometries in F which preserve Q.^. The quotient space 

(2.4) mr^) = T^\nl 

is a normal quasi -projective variety of dimension r_, by [2|, called the modular 
variety associated to F^. When the lattice L is understood from the context, we 
abbreviate TiiT^) as r(F+). 

Proposition 2.3. Let L be a finite-index sublattice of a lattice M of signature 
(2, r_). Then there exists a finite surjective morphism 'F{0{LY) — > f{0{MY). 

Proof. We have the sequence L cz M cz c of inclusions. If we regard the 
finite groups Gi = M/L and G2 = /L as subgroups of Dl, then we have G2 = 
{x e Di^,bi{x,G\) = 0) and the induced bilinear form {G2lGY,bi) is canonically 
isometric to {DM,bM)- Since the isometries in 0(L) act trivially on both Gi and 
G2, they preserve the overlattice M of L, and as isometries of M act trivially on 
Dm- Thus we have a finite-index embedding 0(L) 0{M) of groups. Via the 
natural identification Q.^ - Q.m c P(L ®C) - P(M ® C), this embedding induces a 
finite morphism r(0(L)+) ^ r(0(M)+). □ 

The following proposition was used by Kondo 11211 to prove the rationality of 
the moduli space of Enriques surfaces. 

Proposition 2.4. Let L be an even 2-elementary lattice of signature (2, r_). Then 
the lattice M = ^^{2) is 2-elementary and we have T{0{Ly) ^ ?^(0(M)+). 

Proof Since L(2) c M c \L{2) = , we see that M is 2-elementary. We have 
the coincidence 0(L) - 0(L^) in 0(L ® Q) because of the double dual relation 
L"" = L. Thus we have TdOiLy) ^ Tt^OiL^Y) ^ TmiOiMY). □ 

2.3. Geometric Invariant Theory. We review some facts from Geometric Invari- 
ant Theory. Throughout this section let X be a variety acted on by a reductive 
algebraic group G. A G-invariant morphism n: X ^ F to a variety F is a geo- 
metric quotient of X by G if (i) n is surjective, (ii) Oy - {tt^Ox)^, (iii) a subset 
U cz Y is open if k^^{U) c X is open, and (iv) the fibers of n are the G-orbits. We 
sometimes denote Y = X/G and omit n. A geometric quotient n: X ^ Y enjoys 
the following universality: for every G-invariant morphism f: X ^ Z there exists 
a unique morphism g: Y ^ Z with g o n = f. In particular, a geometric quotient, 
if it exists, is unique up to isomorphism. 

Let L be an ample G-linearized line bundle on X. A point x e X is stable (with 
respect to L) if (i) the stabilizer Gx is a finite group, and (ii) there is a G-invariant 
section s € //°(L^")*^ for some n > such that s(x) + and that the action of G 
on Xi = |x' e X, s{x') + 0) is closed. The open set of stable points is denoted by 
X\L). 

Theorem 2.5 (|28 1). Let X, G, L be as above. Then a geometric quotient X\L)/G 
ofX^{L) exists and is a quasi-projective variety. 
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Lemma 2.6. Let f: X ^ Y be a G-equivariant finite morphism of G-varieties. 
Suppose we have an ample G-linearized line bundle L on Y such that Y = Y\L). 
Then we have X - X^{f*L). In particular, we have a geometric quotient X/G. 

Proof. Note that f*L is ample and naturally G-linearized. For every x e X the 
stabilizer Gx is a subgroup of G f(x) and hence is finite. For an invariant section s e 
H^\Y,L^"f with sifix)) + and with closed G-action on 7^, we have f*s{x) + 
and the G-action on Xf-^ = f'^iYg) is also closed. □ 

We will apply the machinery of GIT to plane sextic curves (1321), bidegree (4, 4) 
curves on x {(33'\), and point sets in P^ (1281, ifTTT ). 

Definition 2.7. Let C c 5 be a reduced curve on a smooth surface S . A singular 
point p € C is a simple singularity if (/) p is a double or triple point, and (//) the 
strict transform of C in the blow-up of S a.t p does not have triple point over p. 

See 13 II.8 for the A-D-E classification of the simple singularities. In this paper 
we will deal mainly with nodes (A i -points) and ordinary triple points (D4 -points). 
In some literatures, the condition (//) above is stated in the form "C has no consec- 
utive triple point" (|32 |) or "C has no infinitely near triple point" (| 16 1). 

We consider the PGLs-action on the linear system |(9p2(6)| of plane sextic curves, 
which is endowed with a natural hnearized ample line bundle. 

Proposition 2.8 (Shah B2I ). A reduced plane sextic is VGL^^,- stable if and only if 
it has only simple singularities. 

We also need a stability criterion for the PGL2 x PGL2-action on the linear 
system |(9]pixpi(4,4)| endowed with the naturally linearized 0{\). 

Proposition 2.9 (Shah fSSl). Let C <zf^-Kf^ be a reduced curve of bidegree (4, 4). 
IfC has only nodes as singularities, then C is PGL2 X PGL2-stable. 

Finally we consider the diagonal action of PGL3 on the product (P^)^. Let Ud <^ 
(P^)'^ be the open set of ordered points (pi, - ■ ■ , pd) such that no three of {pi}'!^^ are 
coUinear, and let Vd c (F^)'' be the variety of ordered points (jci , ■ • • , Pd) such that 
{p\,P2,P?,] are coUinear and no other three of are collinear. 

Proposition 2.10 ( 11281 . IT 11 ). For d > 4 (resp. d > 5) a geometric quotient 
Ud /PGL^ (resp. Vd/PGh^) exists and is a quasi-projective rational variety of di- 
mension 2d - S (resp. 2d -9). 

Proof. For the assertion for Ud, see ITTl Chapter II. The variety Vd is contained in 
the stable locus with respect to the SL3 -linearized line bundle (9p2(l) is • • • is (9p2(l) 
so that a geometric quotient exists by Theorem 12.51 For d > 1 the rationality of 
Vj/PGLs follows from the birational equivalence Vdl^GLi, ~ Vd-4. The remaining 
Vj/PGLa and Vg/PGLs are also clearly rational. □ 

3. 2-ELEMENTARY ^3 SURFACES 

3.1. Basic properties. We recall basic facts on 2-elementary K3 surfaces follow- 
ing 1311 and lUl. Let (X, i) be a 2-elementary K3 surface, i.e., a pair of a complex 
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^3 surface X and a non-symplectic involution l on X. The surface X is always 
algebraic due to the presence of t. The invariant and anti-invariant lattices 

(3.1) L± - L±(X,0 - {/ € H^{X,Z), L*l = ±1} 

are even 2-elementary lattices of signature (l,r - 1) and (2,20 - r) respectively, 
where r is the rank of L+. Note that L_ is the orthogonal complement of L+ in 
//2(X,Z) and hence we have a natural isometry {Di^,qi^) - {Di ,-qi ). The 
main invariant (r, a, 5) of L+ is also called the main invariant of {X, l) and may be 
calculated geometrically as follows. 



Proposition 3.1 ( Bill ). Let {X, i) be a 2-elementary K3 surface of type (r, a, S). Let 

X' be the fixed locus ofi. 

(i) If{r, a, 5) - (10, 10, 0), then X' = 0. 

(ii) If(r, a, 6) = (10, 8, 0), then X' is a union of two elliptic curves. 

(iii) In other cases, X' is decomposed as X^ = U Ei U ■ ■ ■ U E/^ where is a 
genus g curve and E\, - ■ ■ ,Ek are {-2)-curves with 

r + a r — a 

(3.2) .= 11-— k = —. 

One has 6 = Q if and only if the class ofX^ is divisible by 2 in NSx- 

Let f: X ^ Y = X/{L)be the quotient morphism and B = /(X') be the branch 
curve of /. If X' Y is a smooth rational surface and B is a smooth member 
of I -2Ky\. Following H], we call such a pair (F, B) a right DPN pair. The 2- 
elementary K3 surface {X,l) is recovered from (7,5) as the double cover of Y 
branched over B. In this way, 2-elementary K3 surfaces with non-empty fixed 
locus are in canonical correspondence with right DPN pairs. The invariant (r, a) of 
(X, t) can be read off from the topology of B by Proposition 13. II We also have 

(3.3) r = p{Y). 

For the parity d, if B = J^i Bi is the irreducible decomposition of B, then we have 
6 = if and only if the class divisible by 4 in NSy for some 

n, € {0, 1). The lattice L+{X, i) may be obtained as follows. 

Proposition 3.2. Let {Y,B) be a right DPN pair and (X, t) be the associated 2- 
elementary K3 surface with the quotient morphism f: X ^ Y. Then the invariant 
lattice L+ = L+(X, l) is generated by the sublattice f*NS y and the classes of irre- 
ducible components ofX^. 

Proof. Let B - Y!i=QBi be the irreducible decomposition and let C; = f~^{Bi). 
We have X' - J,]^^ d and C,- ~ \f*Bi. According to Kharlamov (fT9l p.304), 
the relation Hf^oC,- ~ -f*KY is the only relation among {C,)^^q in L+ffMSy- 

Since the lattice f*NSy ^ NSy{2) is of index 25('-"> ^ 2* in L+, this proves the 
assertion. □ 
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3.2. Right resolutions of plane sextics. We explain a relationship between 2- 
elementary ^3 surfaces and plane sextics with only simple singularities. The topic 
is classical as it goes back to Horikawa |[T6l and Shah [32|. Here we develop 
the argument in more generality in the framework of Alexeev-Nikulin [IJ. Recall 
from [1] that a DPN pair is a pair (F, B) of a smooth rational surface Y and an 
anti-bicanonical curve B e |-27c'7| with only simple singularities. 

Definition 3.3. A right resolution of a DPN pair {Yq, Bq) is a triplet {Y, B, n) such 
that (F, B) is a right DPN pair and n: 7 — > Fq is a birational morphism with n{B) = 
Bq. By abuse of terminology, we also call (F, B, n) a right resolution of Bq when Yo 
is obvious from the context. 

Proposition 3.4 (cf. [1]). A right resolution of a DPN pair (Yq, Bq) exists and is 
unique up to isomorphism. 

Proof. Let S — > Yq be the double cover branched over Bq. As Bq has only simple 
singularities, 5 is a normal surface with only A-D-E singularities (corresponding 
to those of Bo) and with trivial canonical divisor. The minimal resolution X of 5 is 
a K3 surface, and the covering transformation of 5 — > Fq induces a non-symplectic 
involution i on X. If (F B) is the right DPN pair associated to {X,l), then by the 
universality of the quotient X — > F we have a birational morphism n: F — > Fq with 
7r(B) = Bq. This proves the existence. For any other right resolution (F',B',7r') 
with the associated 2-elementary ^^3 surface {X',l'), let X' — > 5" — > Fq be the 
Stein factorization of the morphism X' — > F' ^ Fq. Then S' — > Fq is a double 
cover branched over Bq and thus is isomorphic to 5 — > Fq. It follows that X' — > Fq 
is isomorphic to X ^ Fq and we have (F, B, n) - (F', B', n'). □ 

In im right resolution is constructed explicitly as follows. Let 

(3.4) • • • "A' (F,-, Bi) ^ (F;_i , B,_i) V ...^ (Fo, Bq) 
be the successive blow-ups defined inductively by 

N 

(3.5) Ym - bls,F/, Bm =Bi + - 2)Ek, 

k=\ 

where X,- - {pk}^^y is the singular locus of B,-, B, is the strict transform of B,-, 
is the (-l)-curve over p^, and mjt is the multiplicity of B,- at p^. Each {Yi,Bi) is 
also a DPN pair. This process will terminate and we finally obtain a right DPN pair 
(FB). 

In this way, one can associate a 2-elementary K3 surface (X, i) to a DPN pair 
(Fq, Bq) by taking its right resolution (F, B, n). Composing n with the quotient map 
X — » F, we have a natural generically two-to-one morphism g: X ^ Yq branched 
over Bq. In this paper we will deal only with the following simple situations. 

Example 3.5. When Bq has only nodes p\, - • • ,Pa as the singularities, then Ej = 
g^^iPi) is a (-2)-curve on X, and each component of the fixed curve X' is mapped 
by g birationally onto a component of Bq. By Proposition 13.21 the lattice L+(X, i) 
is generated by the sublattice g*NSYQ ~ ^p(yo)' classes of the (-2)-curves 
El, - ■ ■ , Ea, and of the components of X'. In particular, we have r - p(Fo) -i- a. 
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Example 3.6. As a slight generalization, suppose that Sing(Bo) consists of nodes 
• , Pa and ordinary triple points qi, - ■ ■ ,qd- Then the curve g'^iqj) is decom- 



Pi 



posed as g'^iqj) - Gj + Ej^ such that Gj is a rational component of X', and 
Ejk are the (-2)-curves over the infinitely near points of qj given by the branches 
of Bo- We have (Gj.Ejk) = 1 and (Ej^.Ejk') = -Idtt- Other components of X' than 
Gi, ■ • ■ ,Gd are mapped by g birationally onto the components of Bq. The lattice 
L+(X,l) is generated by g*NS¥o, the classes of the (-2)-curves g~^{pi), Eju, Gj, 
and of those components of X'. In particular, we have r = p(Fo) + a + Ad. 

When ^0 - or x P', for which Bq is a sextic or a bidegree (4,4) curve 
respectively, we have the following useful property. 

Lemma 3.7. Let (Fq, Bq) be a DPN pair with Fq being either or a smooth 
quadric in P^. Let {X, l) be the associated 2-elementary K3 surface with the natural 
projection g : X ^ Yq. Then the morphism g: X ^ Yq dW' can be identified with 
the morphism (pn'- X ^ \H\^ associated to the bundle H - g*OYQ{i)- 

Proof. The bundle H is nef and big. Use the Riemann-Roch formula and the van- 
ishing h'iH) ^ for / > to see that \H\ = g*\OYoWl □ 

3.3. Classification and the moduli spaces. 2-elementary ^3 surfaces were clas- 
sified by Nikuhn in terms of the main invariants. 

Theorem 3.8 (Nikulin OH ). The deformation type of a 2-elementary K3 surface 
(X, t) is determined by the main invariant (r, a, 6). All possible main invariants of 
2-elementary K3 surfaces are shown on the following Figure\J}which is identical 
to the table in page 31 of Oj. 




1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 



> r 



Figure 1. Geography of main invariants (r, a, 6) 



A moduli space of 2-elementary ^^3 surfaces of main invariant (r, a, 6) is con- 
structed as follows. We fix an even 2-elementary lattice L of main invariant 
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(2, 20 -r, a, 6), which is isometric to the anti-invariant lattice of every 2-eIementary 
^3 surface of type (r, a, 6). Let 'J^{0{Ly) - 0(L)"'"\Q^ be the modular variety as- 
sociated to 0{Ly . The divisor ^ 5-"- c Q^, where 5 are (-2)-vectors in L, is the 
inverse image of an algebraic divisor D c ?^(0(L)+). Let M(r,a,S) be the variety 

(3.6) M(r,a,5) = T{0{Lt) - D, 

which is normal, irreducible, quasi-projective, and of dimension 20 - r. For 
a 2-elementary KJi surface (X, t) of type (r, a, 6), we may choose an isometry 
L_(X, t) ^ L with <l)(//2,0(-j5f)) ^ q+ jhen we define the period of (X, i) by 

(3.7) L) = mH^'\X))] e M^r,a,6), 

which is independent of the choice of 

Theorem 3.9 (Yoshikawa |[36l . |[38l ). T/ie variety M(r,a,6) <^ moduli space of 
2-elementary K3 surfaces of type (r, a, 6) in the following sense. 

(i) For a complex analytic family (J — > U, i) of such 2-elementary K3 surfaces, 
the period map "P: U ^ M(r,a,S), " ^ "Pi^u, i-u), holomorphic. When the family 
is algebraic, V is a morphism of algebraic varieties. 

(i) Via the period mapping, the points of M.{r,a,5') o.^^ in one-to-one correspon- 
dence with the isomorphism classes of 2-elementary K3 surfaces of type (r, a, S). 

3.4. The discriminant covers. Let L be the lattice used in the definition (13.61 ) and 
M(r,a,s) be the modular variety 

(3.8) M^r,a,s) - r(0(L)+), 

which is a Galois cover of ;F(0(L)'*') with the Galois group 0{Di^,qi). We call 
M(r,a,S) the discriminant cover of M(r^a,S)- Since 0(L)^ 0(L), we may identify 
■M(r,a,d) - OmX^L- The next proposition is a key for our proof of Theorem ll.il 

Proposition 3.10. Let (r, a, 6) and (r, a' ,6') be main invariants of 2-elementary K3 
surfaces. Assume that either (i) 6 = l,a > a', or (ii) 6 = 6',a > a'. Then one has a 
finite surjective morphism tp : M{r,a,S) ~^ ^(r.a'.d'y 

Proof. Let L and L' be even 2-elementary lattices of main invariant (2, 20 - r, a, 6) 
and (2,20 - r,a' ,5') respectively. Calculating the discriminant form {Di,qi) ex- 
plicitly, one can find an isotropic subgroup G <z Di such that the 2-elementary 
quadratic form {G-^IG,qi) has the invariant {a' ,6'). By the coincidence of main 
invariant, the overlattice of L defined by G is isometric to L' . Hence the assertion 
follows from Proposition 12.31 □ 

The relationship between the modular varieties is as follows. 

M{r,a,S) - H > M(r,a',S') - H' 

(3-9) 1 1 

Here H and H' are appropriate Heegner divisors. 
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Remark 3.11. When a' = a - 2, (p admits the following geometric interpretation. 
For ana) e M(r,a,S) let {X, t) € M(r,a,s) and {X', i') e M(r,a',s') be the 2-elementary 
^3 surfaces given by the images of oj and (fico) respectively. Then X is derived 
equivalent to the twisted K3 surface {X',a') for a Brauer element a' e Br(X') of 
order < 2. Indeed, we have a Hodge embedding Tx ^ Tx' of the transcendental 
lattices of index < 2 so that the twisted derived Torelli theorem ifTSl applies. 

General points of M(r.a,6) may be obtained as follows (cf. |[9l, HI). We fix 
an even hyperbolic 2-elementary lattice L+ of main invariant (r, a, 6), a primitive 
embedding L+ c Ak3, and an isometry (L+)"'" n Aks L. Let {X, i) e M(r,a,s) and 
j: L+ L+{X,l) be a given isometry. By Proposition 12.21 the isometry j can be 
extended to an isometry O : Aks H^iX, Z), which in turn induces the isometry 
: L L-{X, l). By Proposition 12 . 1 1 the isometry is determined from j up to 
the action of 0(L). Then we define the period of the lattice-marked 2-elementary 
^^3 surface ((X, l), j) by 

(3.10) hiX, L), j) = mi\H^'\X))] € M^r,a,S)- 

If we define equivalence of two such objects {{X,L),j) and ((X',t')>/) by the ex- 
istence of a Hodge isometry H^{X^) H^(X',Z) with / = T o j, then via 
the period mapping P the open set of Ai(r,a,s) over M{r,a,6) parametrizes the equiv- 
alence classes of such objects ((X, l), j). The assignment ((X, l), j) i-> (X, t) gives 
the projection M(r,a,s) M{r,a,sy 

This interpretation of M{r,a,s) using lattice-marked 2-elementary ^^3 surfaces 
is useful, but not so geometric. In the rest of this paper, using this interpretation 
intermediately, we will seek for more geometric interpretations for some of M(r,a,6)- 

Here is a general strategy. We define a space U parametrizing certain plane 
sextics B (or bidegree (4,4) curves on x P^) which are endowed with some 
labeling of their singularities and components. The 2-elementary ^3 surface (X, t) 
associated to the right resolution of B has main invariant (r, a, 5). The point is that 
the labeling for B induces an isometry j: L+ L^{X,l). Actually, an argument 
as in Examples 13.51 and 13.61 will suggest an appropriate definition of the reference 
lattice L+, and then j will be obtained naturally. Considering the period of ((X, l), j) 
as defined above, we obtain a morphism p: U ^ M{r,a,s)- We will prove that p 
descends to an open immersion U/G ^ M(r,a,6) where G = PGL3 (or PGL2 x 
PGL2). This amounts to showing that dim(J7/G) = 20 - r and that the /7-fibers are 
G-orbits. The latter property is verified using the Torelli theorem and that the curve 
B with its labeling may be recovered from ((X, l), j) via Lemma 13771 

In this way, some of M{r,a,s) will be birationally identified with the moduli of cer- 
tain curves with labeling. Such geometric interpretations vary according to M(r,a,6)^ 
and are out of single formulation. However, the processes by which we attach them 
to M{r,a,s) are largely common, as suggested above. Then, in order to avoid repeti- 
tion, we will discuss such processes in detail for only few cases (Section |4~TI ). For 
other cases, we omit some detail and refer to Section l4TT] as a model. 
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Now our geometric descriptions will imply that those M(r,a,6) are often unira- 
tional. With the aid of Proposition 13 .101 we will then obtain the following. 

Theorem 3.12. The discriminant covers M(r,a,6) <^f^ unirational except possibly 
for{r,a) = (10, 10), (11, 11), (12, 10), (13, 9). 

Sometimes our interpretations of M(r,a,s) using sextics are translated into yet 
another geometric interpretations, such as configuration spaces of points in P^. 

4. The case r < 9 

In this section we prove that M(r,a,S) are unirational for r < 9. We first prove 
in Section |4~T] the unirationality of M{r,r,i) with r < 9 using the Severi varieties of 
nodal plane sextics. These cases are model for the subsequent sections and hence 
discussed in detail. From Proposition 13.101 and Figure [T] follows the unirationality 
of M(r,a,s) with r < 9 and (r, a, 6) + (2, 2, 0). In Section |4]2] we treat A1(2,2,o)- 

4.1. Al(r,r,i) and the Severi varieties of nodal sextics. For r < 11 let V^-i c 
|(9p2(6)| be the variety of irreducible plane sextics with r- 1 nodes and with no other 
singularity. The variety Vr-\, known as a Severi variety, is smooth, of dimension 
28 - r, and irreducible ([TSl). By endowing the sextics with markings of the nodes, 
we have the following S,._i -cover of Vr-\'- 

(4.1) K_i = { (C,/7i, • • • ,pr-x) € K-i X (P2)'-', Sing(C) = [piWll ). 
By Lemma [2!6] and Proposition 12 . 8 1 we have a geometric quotient V,-_i/PGL3. 

Proposition 4.1. For r < 9 the variety Vr-\ is rational. In particular, the quotient 
V, -i/PGL3 is a unirational variety of dimension 20 - r. 

Proof. We consider the nodal map 

(4.2) ^ : K_i ^ (P2)'-1, (C,p,,--- ,pr-x)^{px,--- ,Pr-x). 

For a general p = {p\, - • • , Pr-i) the fiber /c" ^ (p) may be identified with an open set 
of |-2iC'y| where Y is the blow-up of P^ at {piVf'l- Since 7 is a del Pezzo surface, 
we have dim|-2^y| > 3 so that k is dominant. As /c~^(p) is an open set of a linear 
subspace of |(9p2(6)|, we see that V^-i is birationally equivalent to the projective 
bundle associated to a locally free sheaf on an open set of (P^)''"^ □ 

We shall construct a period map p : V^-i M(r,r.i) for r < 11. For a sextic with 
labeUng (Cp) = (C, pi, - ■ ■ , Pr-i) in K-i > let (X, l) be the 2-elementary KJi surface 
associated to the right resolution of C, and g : X — > P^ be the natural projection 
branched over C. The quotient XI {l) is the blow-up of P^ at p\, - ■ ■ ,Pr-\. On 
X we have the line bundle H - g*0^i{\) and the (-2)-curves Ej - g~^{pi). Let 
M,. = (/j, ^1 , • • • , ) be the lattice defined in (12.11 ). By Example [331 the classes of 
H and £"1, . . . , Er-\ define an isometry of lattices j: Mr L+(X, t) by /i i-> [H] and 
Ci i-> [£■;]. We thus associate a lattice-marked 2-elementary ^^3 surface {{X,L),j) 
to (C, p). Fixing a primitive embedding "-^ Ak3 and considering the period of 
{{X, l), j) as defined in (13.101 ). we then obtain a point p{C, p) in Al(,-,r,i)- 
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Proposition 4.2. Let r < 11. Two sextics with labeling (C, p), (C',p') € Vr-\ are 
VG\-,-i-equivalent if and only ifp{C,p) = p{C',p'). 

Proof. It suffices to prove the "if" part. Let X, j, H, - ■ (resp. X', f, H', • • • ) be the 
objects constructed from (C,p) (resp. (C',p')) as above. If piC,p) = p{C',p'), we 
have a Hodge isometry (&: H^{X',Z) H^iX,Z) with j = O o /. This equality 
means that 0{[H']) = [H] and <1>([£'^']) - [£■,]. Since maps the ample class 
4H' - T,'i=i E'. to the ample class 4H - HJt/ Ei, by the strong Torelli theorem 
there exists an isomorphism ip: X ^ X' with ip* = O. Then we have (p{Ei) = E'. 
and (fi*H' - H. By Lemma 13.71 we obtain an automorphism tA : with 
g' o ip - tjj o g. Since pi = g{Ei) and p'. = g'{E'.), we have t//{pi) = p'.. Since C and 
C are respectively the branches of g and g', we also have ifriC) - C . □ 

Theorem 4.3. Let r < 11. The period map p: Vr~i M(r,r,i) i^ ci morphism of 
varieties and induces an open immersion V^-i/PGLa — > A1(r,r,i)- 

Proof. We repeat the above construction for families. Let C,-i c Vr-i x P^ be 
the universal marked nodal sextic over Vr-\ (which may be obtained from the 
universal sextic over We have the sections si: Vr-i Cr-i defined by 

(C, p) {{C,p),pi) where p = (pi,--- ,Pr-i). There is an open set V c V,-i 
such that the divisor C = Ci—ily of V x P^ is linearly equivalent to 7r*(9p2(6) 
where 7:2: V P^ is the projection. We denote W, = Si{V). Let J/ be 

the blow-up of y X P^ along IJJt/ W,- and c J/ be the exceptional divisor over 
Wi. Since the strict transform S c J/ of C is a smooth divisor linearly equivalent 
to 7r*(9p2(6) - 2 '^'i=i we may take a double cover f : X ^ }f branched over S. 
The natural projection tt : /V ^ V is a family of K2> surfaces. Let l be the covering 
transformation of / and X+ be the local system {R^nt'L)'' over V. Then the divi- 
sors and the puUback of 7r*(9p2(l) define a trivialization X+ M,. x V. 
This means that the monodromy group of the local system X- = (X+)"'" n R^n^'L 
is contained in 0(L,-) where = (M^)""" n Aif3. Considering the local system X-, 
we see that the period map p\y : V Al(r,r,i) is a locally liftable holomorphic 
map. By Borel's extension theorem Q, p\y is a morphism of algebraic varieties. 
This implies that ^ is a morphism of varieties. By the PGL3-invariance p induces 
a morphism f : Vr-yl^GLj, Al(r,r,i)- Proposition 14.21 implies the injectivity of 
f. Then f is dominant because we have dim(Vr-i/PGL3) = 20 - r and A1(r,r,i) is 
irreducible. Thus f is an open immersion by the Zariski's Main Theorem. □ 

Corollary 4.4. Ifr<9 and (r, a, 6) + (2, 2, 0), then M.(r.a,S) i^ unirational. 

Proof. By Proposition 14. 1 1 and Theorem |4.3[ A1(r,r,i) is unirational for r < 9. Then 
the assertion follows from Proposition 13. 101 and Figure [T] □ 

Remark 4.5. Morrison-Saito lITTl constructed an open immersion V^-i/PGLs — > 
Ti^r) for a certain arithmetic group c O(L^)'*". Our idea to relate h\(r,r,\) with 
Vr-x was inspired by their argument. 
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Remark 4.6. In fact, V^_i/PGL3 is rational when 2 < r < 9. For r > 5 this may 
be seen by fixing first four nodes in general position. For r < 4 we need invariant- 
theoretic techniques. In the rest of the paper, one would find that several M(r^a,S) 
are rational as well. 

4.2. Al(2,2,o) and bidegree (4,4) curves. Let 2 = x be a smooth quadric 
embedded in P^. The group G = PGL2 x PGL2 acts naturally on Q. Let U c 
l<5e(4, 4)1 be the open set of smooth bidegree (4,4) curves. By Proposition 12.91 we 
have a geometric quotient U/G as an affine unirational variety of dimension 18. 

For a curve C € ?7 let {X, l) be the 2-elementary K2> surface associated to the 
right DPN pair {Q, C) and / : X — > 2 be the quotient morphism. The lattice 
L+(X, i) is equal to f*NSQ by Proposition 13. 2[ and thus isometric to the lattice 
U(2). In fact, using the basis {u,v} of U{2) defined in (12.21) . we have an isometry 
j: U(2) L+iX,L) by M [f*OQ{l,0)] and v ^ [fOQiO, 1)]. Here it is impor- 
tant to distinguish the two rulings of Q. In this way, we obtain a lattice-marked 
2-elementary K3 surface {{X, i), j) from C. We then obtain a point p{C) in At(2,2,0) 
as the period of ((X, l), j) as before. 

In this construction, one may recover the morphism f- X ^ Q (and hence 
its branch C) from the class j(u + v) by Lemma [3771 By using /, the two rulings 
\0q(1, 0)1, \Oq{0, 1)1 of 2 may be respectively recovered from the elliptic fibrations 
on X given by the classes j{u), j{v). 

Theorem 4.7. The period map p: U ^ Al(2,2,0) ^ morphism of varieties and 
induces an open immersion U/G ^ A1(2,2,0)- ^'^ particular, Al(2,2,o) unirational. 

Proof. Basically one may apply a similar argument as for Proposition l4.2l and The- 
orem l4.3[ In the present case, one should note that G is the group of automorphisms 
of Q preserving the two rulings respectively. This ensures the G-invariance of p 
for its definition involves the distinction of the two rulings. The recovery of the 
morphisms /, the curves C, and the two rulings of Q as explained above implies 
the injectivity of the induced morphism U/G ^ At(2,2,o)- Here one may apply the 
strong Torelli theorem by using the ample classes j{u + v). □ 

5. The case r = 10 

In this section we prove that M(io,a,s) are unirational. Kondo |[2TI proved the 
rationahty of Al(io,io,o)> the moduli of Enriques surfaces, and of AI(io,2,o)- We study 
the remaining moduli spaces. In Sections 15.11 and 15.21 we prove the unirationality 
of Al(io,8,o) and A1(io,8,i) respectively, which implies that M(io,a,s) are unirational 
for a < 8. The unirationality of AI(io,io,i) is proved in Section [531 

5.1. A1(io,8,o) and cubic pairs. Let U c |<9p2(6)| x (P^)^ be the space of pointed 
sextics (Ci -I- C2, p) = (Ci + C2, Pi, - ■ ■ , p&) such that Ci and C2 are smooth cubics 
transverse to each other and that p\, - ■ ■ , ;?g are distinct points contained in Ci nC2. 
The variety U is unirational. Indeed, if we denote by V c |(9p2(3)| x (P^)^ the locus 
of (C, pi, - • • , p&) such that {pi}^^^ c C, then U is dominated by the fiber product 
V X(p2)8 V. As the projection V — > (P^)*^ is dominant with a general fiber being 
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a line in |<9p2(3)|, the variety Vx^^i-^s V is rational, and so U is unirational. By 
Proposition 12.81 and Lemma l2!6l the natural projection U — > |C)p2(6)| shows that we 
have a geometric quotient U/PGLt, as a unirational variety of dimension 10. 

For a pointed sextic (Ci + C2, p) € ?7 we denote by the ninth intersection 
point of Ci and C2. This gives a complete labeling of the nodes of Ci + C2. Let 
{X,l) be the 2-elementary ^3 surface associated to Ci + C2 and g: X ^ ¥^ be 
the natural projection branched over Ci + C2. The quotient X/{l) is the blow-up 
of at pi, - ■ ■ , pi), and is a rational elliptic surface. We have the decomposition 
X' = F1+F2 such that giFi) = Ci. By Example l3.5[ the lattice L+(X, i) is generated 
by the classes of the bundle H = g*0f2{l), the (-2)-curves £",- = g~^ipi) for / < 9, 
and the elliptic curves Fi ~ F2- This suggests to define a reference lattice L+ as 
follows. Let Mio = {h,e\, - ■ ■ ,^9) be the lattice defined in (12.11) and v € Mj^^ be 
the vector defined by 2v = 3h - Yui=\ ^i- The even overlattice L+ = (Mio, v) is 2- 
elementary of main invariant (10, 8, 0). Then we have a natural isometry 7: L+ — > 
L+(X, i) by sending /j 1-^ [//], e,- 1-^ [£";], and v 1-^ [Fy]. Therefore we obtain a point 

^(Ci + C2, p) in Al(io,8,0) as the period of {{X, l), j) as before. 

As in Section |4~T1 one may recover the morphism ^ : X ^ from the class j{h) 
by Lemma [3771 the points pi = g{Ej) from the classes j{ei), and the sextic Ci + C2 
from g as the branch locus. Also one has the ample class jQi + v) on X defined in 
terms of j. Hence one may proceed as Section |4~T] to see the following. 

Theorem 5.1. The period map p: U ^ A1(io.8,o) is a morphism of varieties and 
descends to an open immersion ?7/PGL3 — > Al(io,8,0)- 

Corollary 5.2. If a <%, then Al(io,a,o) is unirational. 

5.2. A1(io,8,i) and bidegree (3,2) curves. Let 2 = P' x P' be a smooth quadric 
in p3 and let G = PGL2 x PGL2. Let U c \Oq{AA)\ x be the variety of 
pointed bidegree (4,4) curves (C + D, p) - {C + D,p\, - ■ ■ ,p^) such that (/) C is 
smooth of bidegree (3, 2), (//) D is smooth of bidegree (1,2) and transverse to C, 
and (///) C n D - • • • ,Pf,}. The space U is an Sg-cover of an open set of 
|(9g(3, 2)1 X |(9g(l,2)|. By Proposition 12.91 and Lemma IT61 we have a geometric 
quotient U/G as a. 10-dimensional variety. 

Lemma 5.3. The variety U is rational. 

Proof. Let V be the linear system |(9q(1, 2)| and X cz V x Qbe the universal curve 
over V. The projection tti: X ^ V is birationally equivalent to the natural projec- 
tion P^ X y ^ y for bidegree (0, 1) curves on Q give sections of tti. This implies 
that the fiber product J/ = ?( Xy ?( ■ ■ ■ Xy ?( (S times) is rational. We have a mor- 
phism K2- U ^ }/ defined by (C -1- D, p) 1-^ (D, p). Then 7:2 is dominant. Indeed, 
for every smooth D € V the restriction map \Oq{3,2)\ |(9£)(8)| is dominant by 
the vanishing of //'(Oe(2, 0)). Since a general ;r2 -fiber is an open set of a linear 
subspace of |<9g(3, 2)|, this proves the rationality of U. □ 

For a curve with labeling {C+D, p) € U, let (X, i) be the 2-elementary K3 surface 
associated to the DPN pair {Q, C + D) and g: X ^ 2 be the natural projection 
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branched over C + D. The fixed curve X' is decomposed as - Fi + F2 such 
that g{Fi) = C and ^(^2) = D. In this case, a reference lattice L+ should be 
defined as follows. Let M be the lattice U{2) ® (-2)^ - {u,v,ei, ■ ■ ■ ,es) where 
{u,v} is the basis of U{2) defined in (12.21) and {ei, • • • ,^8} is a natural basis of 
(-2>^ Let /i,/2 € be the vectors defined by 2/i ^ 3u + 2v - ^ti and 
2/2 = M + 2v - ^i- The overlattice L+ - (M, /i,/2> is even and 2-elementary 
of main invariant (10,8, 1). Then, by Example 13. 5[ we have a natural isometry 
j: U ^ L^{X,0 by sending u ^ [g*OQ{l,0)l v ^ [g*OQ{0, 1)], e,- ^ [g-\pi)], 
and fj [Fy]. In this way we associate to (C+D, p) a lattice-marked 2-elementary 

^3 surface {{X, l), j), and hence a point p{C + D, p) in Al(io,8,i)- 

As in Section I4.2[ the morphism g: X ^ Q, the curve C + D, and the two 
rulings of Q are recovered from j. The points pi are recovered from the classes 
j{ei). Therefore we have 

Theorem 5.4. The period map p: U ^ Al(io.8,i) is a morphism of varieties and 
descends to an open immersion U/G ^ A1(io,8,i)- 

Corollary 5.5. If a <%, then At(io,a,i) is unirational. 

5.3. The unirationality of Al(io,io,i)- By Theorem I4.3[ general members of 
^(10,10,1) are obtained from Halphen curves, irreducible nine-nodal sextics. How- 
ever, since the nodal map (P^)^ for Halphen curves is not dominant (see jSl 
p.389-p.391), our proof of Proposition 14. 1 1 does not apply to Vg. Here we instead 
prove the unirationality of Al(iojo,i) using the description as a modular variety. 

Theorem 5.6. The moduli space Al(iojo,i) is unirational. 

Proof. Recall that Al(io,io,i) is an open set of the arithmetic quotient ?^(0(Li)+) for 
the lattice Li = U ®{2)®{-2)®E^{2). By Proposition l2!4l we have an isomorphism 
r(0(Li)+) ^ r(0(L2r) for the odd lattice L2 = [/(2)®<1>®<-1)©£'8- LetLg be 
the lattice U{2)^®Eg, and {u, v] be the basis of its second summand U{2) as defined 
in (12.21) . Then L2 is isometric to the overlattice (L3, ^(u+v)) of L3. Thus f(0{L2y) 

is dominated by TiOiL^^) by Proposition |231 The variety TiO{Li,y) = A1(io.4,o) 
is unirational by Corollary 15. 2[ Hence ;F(0(Li)"'") is unirational. □ 

Remark 5.7. Alternatively, considering morphisms to of genus 1 and degree 6, 
one can prove that V9 is unirational using e.g., the relative Poincare bundle for a 
rational elliptic surface with a section. 

6. The case r = II 

In this section we prove that At(ii,iij) is unirational (Section [6?T]) and that the 
covers Al(ii,a/) are unirational for a < 9 (Section [d!2l) . 

6.1. Al(ii,ii,i) and Coble curves. Let Vio be the variety defined in (14.11 ). By The- 
orem 14.31 we have an open immersion Viq/PGLt, — > Al(iijij) and hence a dom- 
inant morphism P: V10/PGL3 Al(iiji,i). Clearly, P descends to a morphism 
V10/PGL3 Al(iijij). The Severi variety Viq is dense in the variety of rational 
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plane sextics (cf. lITSl ). As the latter is dominated by the variety of morphisms 
pi _^ p2 degree 6, which is obviously rational, we have the following. 

Theorem 6.1. The moduli space M(nM,\) is unirational. 

6.2. A1(ii,9j) and degenerated cubic pairs. Let U c |(9p2(6)| x (P^)^ be the vari- 
ety of pointed sextics (Ci + C2, p) = (Ci + C2, pi , • • • , ps) such that Ci is a smooth 
cubic, that C2 is an irreducible cubic with a node and transverse to Ci, and that 
P\, - ■ ■ ,P% are distinct points contained in C\ n Cj. Letting be the remaining 
intersection point of C\ and C2, and /Jio be the node of C2, we have the complete 
labeling {p\, - ■ ■ ,pw) of the nodes of C\ + C2. As in Section ISTTl we have a geo- 
metric quotient U /PGL3 as a 9-dimensional variety. 

Lemma 6.2. The variety U is unirational. 

Proof. Let V denote the variety of irreducible cubics with nodes and C c V x 
be the universal curve over V. Let X = CxyC ■ ■ - XyC {S times). We have a 
morphism n: U ^ X defined by (Ci + C2,p) ^ (C2,p). A general 7r-fiber is an 
open set of a line in |(9p2(3)|, namely the linear system l-^rl for the blow-up Y 
of p2 at {pi}^^y Therefore U is birational to ^ x P^. Take a nodal cubic [C] € V. 
Since PGL3 • [C] = V, we have PGL3 • (C)^ = X and hence X is unirational. □ 

For a pointed sextic (Ci -1- C2,p) € U, the 2-elementary K3 surface {X,l) asso- 
ciated to Ci -I- C2 has main invariant (11,9, 1). As before, the above labeling of the 
nodes induces a natural isometry j: L+ ^ Lj^{X, l) from a reference lattice L+, and 
this defines a morphism p: U ^ Al(ii,9,i). Then we see the following. 

Theorem 6.3. The period map p descends to an open immersion JZ/FGLs — > 

Al(ll,9,l)- 

Corollary 6.4. For a <9 the covers Ai{ii^a,s) <^^^ unirational. 

7. The case r - \2 

In this section we study the case r = 12. In Section ITT] we construct a birational 
map from the configuration space of eight general points in P^ to a certain cover of 
^(i2,io,i)> which in particular implies that A1(i2,io,i) is unirational. In Section U72\ 
we prove that the covers M{\2,a,S) for a < 8 are unirational. 

7.1. At(i2,io,i) and eight general points in P^. We begin by preparing lattices 
and an arithmetic group. Let M12 = {h,ei, - ■ ■ , en) be the lattice defined in (12.11 ). 
Let /i,/2 € be the vectors defined by Ifi = 3h - let - ej, i = 1,2. 
Then the overlattice L+ = {M\2, f\, fi) is even and 2-elementary of main invariant 
(12, 10, 1). We fix a primitive embedding L+ c Kk^, which exists by Tabled] 
and set L„ = (L+)-^ n Kk?,. The lattice L_ is isometric to {2)^ ® <-2>^. We let 
the symmetric group S3 act on the set {eg, eio, I by permutation, and on the set 
{h,e\, - ■ ■ , eg) trivially. This defines an action /: S3 — > 0(L+) of S3 on the lattice 
L+. Let r+: 0(L+) 0{DiJ be the natural homomorphisms and A: 0{Dl ) - 
0{Dl ) be the isomorphism induced by the relation L_ = (L+)"'". Then we define 
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a subgroup of 0(L_) by F = rZ\A o r+(/(S3))). By Proposition 12. II an isometry 
y of L- is contained in F if and only if there exists a o" € S3 such that /(cr) ® y 
extends to an isometry of Ak3- We have 0(L_) c F with F'*"/0(L_)"'" - S3. Hence 
the modular variety ?7,_(F"^) is a quotient of Al(i2,io,i) by S3. The moduh space 
At(i2,io,i) is dominated by ?7,_(F+). 




Figure 2. Sextic curve for (r, a, 6) = (12, 10, 1) 

We shall define a parameter space. First we note that for seven general 
points ^1, • • • , ^7 in there uniquely exists an irreducible nodal cubic C pass- 
ing qi, - ■ ■ ,qi with Sing(C) - q\. This may be seen by an intersection calculation 
and a dimension counting. More constructively, the blow-up F of at ^1, • • • ,qi 
is a quadric del Pezzo surface which has the Geisser involution t. If £ c F is 
the (-l)-curve over q\, then the image of the curve l{E) in P^ is the desired cu- 
bic. Now let U c (P^)^ be the open set of eight distinct points p - {p\, - • • ,p%) 
such that there exist irreducible nodal cubics C\,C2 which pass 773, . . . ,/J8 with 
Sing(C,) = Pi and which are transverse to each other. The finite morphism 
U |(9p2(6)|, p i-> Ci -I- C2, shows that we have a geometric quotient J7/PGL3 as 
an 8 -dimensional variety, which is rational by Proposition 12. 101 

For a p = {p\, - • ■ ,Ps) ^ U the associated sextic Ci + C2 is endowed with the 
partial labeling (p\, - ■ ■ ,p%) of its nodes. The remaining three nodes S - C\ r\ 
C2\{Pi]]^T, are not marked. We temporarily choose a bijection S ^ |9, 10, 11) and 
accordingly denote S = {p9, pio, Pii)- Then let (X, be the 2-elementary K3 
surface associated to Ci -1- C2. If g: X — > P^ is the natural projection branched 
over Ci -I- C2, we have an isometry j: L+ L+{X,l) defined by h [g*(9p2(l)], 

^ [g~^iPi)] for / < 11, and fj 1-^ [Fj] where Fj is the component of X' with 
giFj) = Cj. Then the period of {{X, l), j) is determined as a point in Al(i2,io,i)- We 
consider the image of that point in ?7,_(F^), and denote it by !P(p) € ftS^^)- 

Theorem 7.1. The map "P: U ^ ?7._(F^) is well-defined. It is a morphism of 
varieties and induces an open immersion U/PGL^ 'FlS^^)- 

Proof. For the first assertion it suffices to show that P{p) is independent of the 
choice of a labeling S - {p9, pio> Pii}- For another labeling S - ip'^, p'iq, p'^} we 
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have pa-{i) = p. for a o" € ^3, 9 < / < 11. Then the isometry /: L+ L^{X,l) 
associated to (jCg, p\^^, p\^) is given by / = j o i{cr). If <!>, <!>' : Kk?, H^{X, Z) are 
extensions of j and / respectively, then is F-equivalent to O'l^ . 

The map P is obviously PGL3 -invariant. Conversely, suppose that !P(p) = Pip') 
for two p, p' € U. We choose labelings of the three nodes for p and p' respectively, 
and let (X, j) and {X', f) be the associated marked K3 surfaces. Then the equality 
'p(p) = 'p(p') means that we have a Hodge isometry O: H^{X,Z) H^{X',Z) 
with O o j - / o i(cr) for some cr € S3. In particular, we have (D{j{h)) = j'{h), 
^Uifj)) = fifj)' and <l>(7(^'i)) = /(e,) for / < 8. As before, we deduce that p and 
p' are PGL3 -equivalent. This concludes the proof. □ 

Corollary 7.2. The variety 'FlS^^) rational. Hence Al(i2,io,i) unirational. 

Remark 1.3. The space U/PGL3 is birationally identified with the moduli of 
marked del Pezzo surfaces of degree 1 . It would be interesting to study the rational 
action of the Weyl group on fi-^^^) induced by the above immersion. Kondo Ii22l 
described the moduli of del Pezzo surfaces of degree 1 as a ball quotient. 

7.2. The unirationality of AI(i2,8,i). Let U c |<9p2(3)| x (P^)^ be the locus of 
cubics with points (C, p) - {C,p\,--- ,p%) such that (/) p\,--- ,Ps are distinct, 
(//) C is smooth and passes {p,},^6> ("0 P\, - ■ ■ , Pe ^ smooth conic Q, (iv) 

Pe,Pi,P8 lie on a line L, and (v) C + Q + L has only nodes as singularities. The 
sextic C + Q + Lis uniquely determined by (C, p). By setting p^ = LD C\{pT, p$}, 
pio = L n Q\pe, and pn - Q C\lpj}^^-^, we have a complete marking of the 
nodes of C + Q + L. For the proof of unirationality it is convenient to reduce sextics 
with labelings to such cubics with points, and consider the space U of the latters. 



Lemma 7.4. The variety U is unirational. 

Proof. Let V c (P^)^ be the locus of six points {pi, - ■ ■ ,p(,) lying on some conic 
and W c (P^)^ be the locus of three collinear points {qi,q2, ^3). The fiber product 
V Xp2 W over ¥^ = {p(, € P^} = {qi e P^) is birational to the image of the projection 
U (P^)^, (C, p) p. As a general fiber of the projection U V Xpi W is an 




Q 



L C 



Figure 3. Sextic curve for (r, a, 6) - (12, 8, 1) 
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open set of a plane in |(9p2(3)|, it suffices to prove the unirationality of VXpi W, 
which is easily reduced to that of V. Let pi, - ■ ■ , p4 €¥^be four general points and 
S be the blow-up of at {pi]^^^- The conic pencil determined by {pi}^^^ defines a 
morphism 5 — > P^. We have a birational map PGL3 x {S Xpi S) V. Then the 
existence of sections of 5 — > P^ implies the rationality of S Xpi S . □ 

For a (C, p) € U, the 2-elementary K3 surface {X, l) associated to the sextic 
C + Q + L has main invariant (12, 8, 1). As before, our labeling for C + 2 + L 
will induce an isometry j: L+ ^ L+(X, l) from an appropriate reference lattice L+. 
This defines a morphism p: U ^ Al(i2,8,i)> and we have the following. 

Theorem 7.5. The period map p descends to an open immersion ?7/PGL3 — > 
A\{\2,'i,\) from a geometric quotient J7/PGL3. 

Corollary 7.6. For a < 8 the covers A1(i2,a,(5) ci^^ unirational. 

8. The case r = 13 

In this section we study the case r - 13. In Section lSTTl we construct a birational 
map from a configuration space of eight special points in P^ to a certain cover of 
A1(i3,9,i) in a similar way as Section rTTT] In Section W2\ we prove that the covers 
Al(i3 o ,5) are unirational for a <1 . 

8.1. A1(i3,9j) and eight special points in P^. Let M13 - {h,e\, - ■ ■ ,ei2) be the 
lattice defined in (12.11 ). We define the vectors f\_,f2,fr e M^^^ by 2/3 = 2>h - 2e\ - 
eu 2(/i + /2) = 3/1 - 2fe + en) - Z "3 and 2/2 - 2/i - + en) - Z -=5 et. 
The overlattice L+ - {Mu, fr, fj, fr) is 2-elementary of main invariant (13,9, 1). 
We let S2 act on L+ by the permutation on {eg, ^lo). We fix a primitive embedding 
L+ c Ak3 and set L_ - (L+)-^ n A/f3. The lattice L_ is isometric to (2)^ © (-2)^. 
Then let L c 0(L_) be the group rZ\A o r+(S2)), where r+ : 0(L+) ^ 0(DlJ 
and /I: 0{Dl+) — > 0(Dl ) are defined as in Section mi The arithmetic quotient 
f^L-i^*) is a quotient of Al(i3,9j) by S2, and dominates At(i3,9j). 

Let V c (P^)^ be the codimension 1 locus of eight distinct points p = 
(pi, . . . , pg) such that (/) there exists an irreducible nodal cubic C passing {/?,),V:2 
with Sing(C) = pi, (ii) p2 lies on the line L = P3P4, (Hi) there exists a smooth 
conic Q passing |p2l U iPi)%5^ ^^d (iv) the sextic C + Q + L has only nodes as sin- 
gularities. We shall denote pn = LD C\{p3,p4) and pn = LD Q\p2- In this way 
we obtain from p the sextic C + Q + L and the partial labeling {pi, - ■ ■ , pg, Pii, pn) 
of its nodes. The remaining two nodes S = Qf) C\{pi]^^^ are not naturally marked. 
We have a geometric quotient y/PGL3 as a 7-dimensional variety, which is rational 
by Proposition 12. 101 

For a p € y, let {X, i) be the 2-elementary K3 surface associated to the sextic 
C + Q + L. A temporary choice of a labeling S = {p9,pio] induces a natural 
isometry 7: L-|_ L+(X, i), which defines a point in A1(i3,9j) as the period of 
({X, i), j). Considering the image in ftA^^) of the period of {{X, i), j), we obtain 
a well-defined morphism P: V ^ J^L-(r*) as in Section ITT] Then we have the 
following. 
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Figure 4. Sextic curve for (r, a, 6) - (13, 9, 1) 

Theorem 8.1. The period map V descends to an open immersion V/PGL3 
(F"''). In particular, ?7,_(F^) is rational and Al(i3,9j) is unirational. 

8.2. A1(i3jj) andpointedcubics. Let ?7 c |(9p2(3)|x(P^)^ be the space of pointed 
cubics (C, p) - (C,p\^,p\-, ■ ■ ■ ,P3-) such that (/) C is smooth, (//) pi+, ■ ■ ■ ,p3_ 
are distinct points on C, and (Hi) if we denote L,- = Pi+Pi^, the sextic C + X,- L, 
has only nodes as singularities. The variety U is rational, for the natural projection 
U — > (P^)^ is birational to the projectivization of a vector bundle on an open set. 
For a pointed cubic (C, p) € U we set pi = Li n C\{pi+, pf-] and qi = Lj n 
where {i,j,k} = |1,2, 3). Thus we associate to (C, p) the nodal sextic C + 
with the labeling iPj_i,qi)i^j of its nodes. As before, from these we will obtain a 
lattice-marked 2-elementary K3 surface {{X,L),j) of type (13,7, 1). This defines a 
morphism p: U ^ At(i3jj), and we have the following. 

Theorem 8.2. The period map p descends to an open immersion U/PGhj, — > 
Al(i3jj)/rom a geometric quotient ?7/PGL3. 

Corollary 8.3. The covers Al( 13,0,5) /or a <1 are unirational. 

9. The case r > 14 

Let Ud, Vd c (P^)"' be the loci defined in SectionO By Proposition [2^01 when 
> 5, we have geometric quotients Udl^GL^ and Vdl^GL^, as rational varieties of 
dimension 2<i - 8 and 2d -9 respectively. In this section we prove the following. 

Theorem 9.1. One has birational period maps ?7rf/PGL3 M{2?,-2d,2d~6,s) cmd 
VdlVGU Mi29-2d,2d-i,i)for 5<d<l . 

By Proposition 13.101 and Figure [T] we have the following corollary, which com- 
pletes the proof of Theorem ll.il 

Corollary 9.2. The covers A\(^r,a,6) unirational for r > 14. 

Our constructions of the period maps are similar to those for eight points (Sec- 
tions [TT] and HT]): we draw a sextic from a given point set, label its singularities in 
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a natural way, and then associate a lattice-marked 2-elementary ^3 surface. Unlike 
the eight point cases, our labelings for < 7 leave no ambiguity, and so we obtain 
points in M(r,22-r,s)- Actually, these period maps may be derived from the ones 
for eight points by degeneration: as we specialize a configuration of points, the 
resulting sextic gets more degenerate, and the period goes to a Heegner divisor. 

Theorem 19. II for was first found by Matsumoto-Sasaki-Yoshida ll26l . Con- 
sidering degeneration, they essentially obtained the assertion also for Ve, U5, V5 
with 6=1. The novelty of Theorem 19. II is the constructions for d = 7. But even 
for d < 6, our period maps differ from the ones in [26 1. Specifically, from a given 
point set we draw Unes on the same plane, while in ll26l the point set is regarded 
as a set of lines on the dual plane. Our argument as explained in Section [33] makes 
it easier to derive the monodromy groups, which were found by direct calculations 
inlH. 

9.1. A1(i4,8,i) and seven general points in P^. Let U c (P^)' be the open set 
of seven distinct points p = {pi, - ■■ ,pi) such that (/) there exists an irreducible 
nodal cubic C passing p\, - • • ,Pi with Sing(C) = pj and (//) if we denote L,- = 
p,Pi+3 for / < 3, the sextic C + YjI^ has only nodes as singularities. We put 
qt = Li n C\[pi,pi+T,] and qij = Li n Lj. We thus obtain from p the nodal sextic 
C -I- Yji^i and the complete labeling {pi,q^)i^f^ of its nodes. The components of 
C -I- Yji Li are also labelled obviously. Taking the right resolution of C -1- X, L, and 
using these labelings, we obtain a lattice-marked 2-elementary ^^3 surface {(X, t), j) 
of type (14, 8, 1) as before. This defines a morphism p: U ^ A1(i4,8,i), and we will 
see the following. 

Theorem 9.3. The period map p descends to an open immersion ?7/PGL3 
M(u^^^\)from a geometric quotient ?7/PGL3. 




Figure 5. Sextic curve for (r, a, 5) = (14, 8, 1) 

In the next section we degenerate the points Pi,p^, pi to coUinear position. This 
forces the cubic C to degenerate to the union of a conic and a line. 
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9.2. A1(i5,7,i) and seven special points in P^. Let V c (P^)^ be the codimension 
1 locus of seven distinct points p = (pi, • • • ,pj) such that (/) P5,P6,Pi lie on a 
line Lo, (ii) p\, - • • ,Pa,Pi lie on a smooth conic Q, and (///) if we put L,- - PiPi+3 
for 1 < / < 3, the sextic Q + Yj]=Q^i h^s only nodes as singularities. We set 
= LqC\ Q\p7, qi = L,- n QXpi for / - 2, 3, and qij - Li n Lj when qij + pk for 
some k. In this way we obtain from p the sextic Q + the labeling {pi, ^^,),-,^ of 
its nodes, and also the obvious labeling of its components. As before, from these 
we obtain a lattice-marked 2-elementary ^3 surface of type (15, 7, 1). This defines 
a moiphism p: V ^ At(i5,7,i), and we have the following. 

Theorem 9.4. The period map p descends to an open immersion V7PGL3 — > 
Ai(i5 J ^i) from a geometric quotient V/PGL3. 

In the next section we degenerate pi on p\P2- Then p-] is determined as p\p2 n 
PsPf,, so that the parameters are reduced to six points. (We make renumbering). 




Figure 6. Sextic curve for (r, a, 6) - (15, 7, 1) 

9.3. Al(i6,6,i) and six general points in P^. Let U c (P^)^ be the open set 
of six distinct points p - (pi, - • ■ , Pe) such that if we draw six lines by Li = 
p\P2, ■■• ,L5 - P5P6, and L(, = pepi, then the sextic Y^i Li has only nodes as sin- 
gularities. Since the nodes of L/ are the intersections of the lines L,, the labeling 
(Li, • • • ,L(,) of the lines induces that of the nodes, e.g., by setting pij = Li n Lj. 
Hence from p we obtain the sextic X, L, with a labeling of its nodes and com- 
ponents. This defines a lattice-marked 2-elementary K3 surface of type (16, 6, 1). 
Thus we obtain a morphism p: U ^ Al(i6,6,i)> and see the following. 

Theorem 9.5. The period map p descends to an open immersion V : U /PGL3 
M{\(,fi,\) from a geometric quotient J7/PGL3. 

Remark9.6. If we identify P^ - |(9p2(l)|, the assignment p i-> (Li,--- ,L6) induces 
a Cremona transformation w of J7/PGL3. The period map of [26] is written as 
P o w~^. One sees that is the cyclic permutation (654321) on ?7/PGL3. 
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Figure 7. Sextic curve for (r, a, 6) - (16, 6, 1) 

9.4. At(i7,5j) and six special points in P^. Let V c (P^)^ be the codimension 1 
locus of six distinct points p = (pi, - ■ ■ ,pe) such that (/) pj,, P4, pe are coUinear, 
and (//) if we draw lines by Li = piP2, ■ ■ ■ ,L5 = pspe, and Le = pePi, then any 
singularity of the sextic ^, L,- other than p^ is a node. The point p^, is an ordinary 
triple point of 2^, L,. As in Section [931 we obtain a labeling of the nodes of X, L, 
from the obvious one of the lines L,. Denoting by qi the infinitely near point of 
pe given by L,- for / = 3,5,6, we also obtain a labeling of the branches of 2^, L,- 
at /76- The 2-elementary K3 surface (X, t) associated to the sextic 2^, L, has main 
invariant (17, 5, 1). Here we encounter a triple point, but we can proceed as before 
referring to Example 13. 6t if ^ : X is the natural projection branched over 

YjiLi, the curve g^^ipe) over p(, consists of four labelled (-2)-curves, namely the 
(-2)-curves over qi and a component of X'. Together with the above labeling for 
the nodes and the lines, this induces an isometry j: L+ ^ L^{X, l) from a reference 
lattice L+. Thus we obtain a morphism p: V ^ Al(i7,5j), and see the following. 

Theorem 9.7. The period map p descends to an open immersion V/PGL3 
M(n ^5^1) from a geometric quotient y/PGL3. 




Figure 8. Sextic curve for (r, a, 6) - (17, 5, 1) 
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Degenerating p2, P4, ps to coUinear position produces a period map for Al(i8,4,o) 
(Section |93] ). while degenerating 774 to p^ produces that for A1(i8,4,i) (Section |9?6l ). 

9.5. At(i8,4,o) and five general points in P^. Let U c (P^)^ be the open set of 
five distinct points p = (pi, - ■ ■ , ps) such that no three of pi, - ■ ■ ,p5 other than 
{pi, P2, P3} collinear. For a p e ?7 we draw six hnes by L, = "pipl for 1 < / < 3 
and Lj - pi^j p=, for 4 < / < 6. Then the sextic ^^^j L, has ordinary triple points 
at Pa, and p^, nodes at L,- n Lj for / < 3 and j > 4, and no other singularity. 
The obvious labeling of the lines L, induces that of the nodes and the branches at 
the triple points of X, L,-. The 2-elementary K3 surface (X, i) associated to X, L,- 
has invariant (r, a) = (18,4). We have to identify its parity 6. Let {Y,B,7t) be 
the right resolution of 2^,L,-. We have the decomposition B - '^1=0 such that 
7r(B,) = Lj for 1 < / < 6 and 7r(Bo) - P5, ^{^i) = 7^4- One checks that the 
divisor (Z^^q ~ J=4 ^ Hence (X, t) has parity 6 = 0. Using our 

labeling for X,- L,-, we will obtain a morphism p: U ^ A1(i8,4,o)- Then we have the 
following. 

Theorem 9.8. The period map p descends to an open immersion J7/PGL3 
from a geometric quotient ?7/PGL3. 




Figure 9. Sextic curve for (r, a,6) = {\%, 4, 0) 

9.6. At(i8,4,i) and five general points in P^. Let U5 c (P^)^ be the open set de- 
fined in Section 1231 To a point p = (pi, - ■ ■ , Ps) in U5 we associate six lines by 
Li = P2P3, Li = PiPi+2 for / = 2, 3, L,- = piPi-2 for / = 4, 5, and Le = JhPs- 
The sextic 2i,L,- has ordinary triple points at p^ and p^. Any other singularity of 
Yji Li is a node. The 2-elementai7 K2> surface {X, t) associated to X,- L,- has invariant 
(r, a) = (18, 4). In order to determine its parity 6,\et g: X ^ P^ be the natural pro- 
jection branched over Lj, and let Ejj be the (-2)-curves g~^{Li n Lj) for /, 7 < 3. 
Then the Q-divisor D = ^(£"12 -1- £23 +£"31) is in L+(X, t)^ by Proposition l3.2l Since 
(D.D) = -|, (X, t) has parity 5=1. Using the obvious labeling of the lines L,, we 
obtain a morphism p: U5 ^ Al(i8,4,i) as before. Then we see the following. 
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Theorem 9.9. The period map p descends to an open immersion f/s/PGLs 
Al(i8,4,i). 




Figure 10. Sextic curve for (r, a, 6) - (18, 4, 1) 

9.7. A1(i9,3,i) and five special points in P^. Let c (P^)^ be the codimension 
1 locus defined in Section |231 Given a point p - {pi, - ■ ■ ,7^5) in Vj, for which 
P\^P2,P3 are coUinear, we define six lines in the same way as Section WM L\ - 
P2P3, Li = PiPi+2 for / = 2, 3, Li = PiPi-2 for / = 4, 5, and = paP5- Then 
the points pi,p^,ps are ordinary triple points of the sextic 2i, L,-, and any other 
singularity of Lj is a node. As before, by taking the right resolution of the sextic 
YjiLi and using the labeling (Li, • • • ,L(,) of the lines, we obtain a lattice-marked 
2-elementary O surface of type (19,3, 1). This defines a morphism p: V=, ^ 
Al(i93,i). Then we have the following. 

Theorem 9.10. The period map p descends to an open immersion V5/PGL3 
A((19,3,1)- 




Figure 11. Sextic curve for (r, a, 6) - (19, 3, 1) 
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10. Moduli of Borcea-Voisin threefolds 

The unirationality of M[r,a,s) implies that of the moduli of Borcea-Voisin three- 
folds. Let (X, l) be a 2-elementary K3 surface and E be an elliptic curve. The invo- 
lution (i, - Ie) of X X E extends to an involution j of the blow-up X x E of X x E 
along the fixed curve of (f, -l^). The quotient Z = Xx E/{j) is a. smooth Calabi- 
Yau threefold (1351, H). The projection XxE X (resp. XxTE E) induces a 
fibration ;ri : Z — > 7 = XI{l) (resp. ;r2 : Z — > E/{-Ie)) with constant S-fiber (resp. 
X-fiber), whose discriminant locus is the branch locus of the quotient morphism 
X — > F (resp. E E/{-Ie})- Following 137], we call the triplet {Z,ni, 7:2) the 
Borcea-Voisin threefold associated to {X,l) and E. Two Borcea-Voisin threefolds 
are isomorphic if and only if the corresponding 2-elementary KJi surfaces and el- 
liptic curves are respectively isomorphic (|37|). The data {n\,n2) may be regarded 
as a kind of polarization of Z, as the following remark shows. 

Lemma 10.1. Let {Z, 711,712), (Z',7rp7r^) be Borcea-Voisin threefolds, and let A 
(resp. A') be the primitive closure o/Tr^PicF in PicZ (resp. {ji'^*YicY' in PicZ'j. 
Then we have (Z, 711,712) - (Z', 7i'^,7i'^ if and only if we have (Z, A) - (Z', A'). 

Proof. It suffices to prove the "if" part. Let / : Z ^ Z' be an isomorphism with 
/*A' - A. There exist a very ample line bundle H onY and a line bundle H' on 
Y' with 7:\H ^ f*{7T\)*H'. Since \H\ ^ \7t\H\ ^ \(7t[)*H'\ ^ \H'\, we see that H' is 
base point free. Via the projective morphisms Z — > |7r*//|^ and Z' \{k'^^)*H'\^ , 
we obtain a morphism g: Y' ^ Y with g o 71'^ = 7T\ o f~^ . One checks that g is 
bijective and hence is isomorphic. Considering the fibers and the discriminant loci 
of K\ and TTj, we obtain E - E' and {X, i) - (X', l'). □ 

The main invariant of a Borcea-Voisin threefold is defined as that of the as- 
sociated 2-elementary ^3 surface. Obviously, two Borcea-Voisin threefolds are 
deformation equivalent if and only if they have the same main invariant. Let 
X{\) = SL2(Z)\H be the moduli space of elliptic curves. 

Theorem 10.2 ifff)). The variety M(r,a,s) x X{\) is a coarse moduli space of 
Borcea-Voisin threefolds of main invariant {r, a, 5). 

By Theorem 1 1.1 1 we have the following. 

Theorem 10.3. The moduli spaces of Borcea-Voisin threefolds are unirational. 
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Appendix A. 
by Ken-Ichi YoshikawcQ 

In this note, we give a proof of the following result using automorphic forms. 

Theorem A.l. The moduli space M(r,a,S) has Kodaira dimension -oo if either 13 < 
r < \1 or r + a = 22, r < 17. 

This is a consequence of the following criterion due to Gritsenko fHX (the idea 
first appeared in 1. 14,1 ). 

Theorem A.2 (Gritsenko). Let L be a lattice of signature (2, n) with n > 3 and 
r c O(L)"'" be a subgroup of finite index. Following |131, let R c denote the 
ramification divisor of the projection n: ?7,(r)- Suppose we have an integer 

y > and an automorphic form on for Y of weight k such that k > vn and 
that vR - div{Fk) is an effective divisor Ifk>vnorvR- drv{Fk) + 0, then 

Proof. When v = 1, the result is exactly | [T2l Th. 1.5]. When v > 1, the same proof 
works after replacing Fnm/F'l' by Fj,^,JF'j^ in the proof of |[T2l Th. 1.5]. For the 
convenience of the reader, we give some detail. Assume co e H^CFti^), mK^jr^^Y))^ 
m > 0. Regard 0+ as a tube domain of C". Then 7r*co ^ Fnmiz) (dzi A . . . A dznf"\ 
where Fnmiz) is a non-zero automorphic form on Q.^ for F of weight mn. Since 
(jj is holomorphic on !Fl(F), Fnm must vanish on R at least of order m (cf. 1 13]). 
Hence div(F„m) - mR > 0. Then F^mlPI^ is an automorphic form for F of weight 
-m.{k - vn) < with effective divisor 

AiviFlJF"^) > m{vR - div{Fk)) > 0. 

Since n >3, F^„„/F'k must be a constant. Hence k = vn and vR = div(F^:), which 
contradicts the assumption. □ 

As an application of his criterion, Gritsenko gives several examples of orthog- 
onal modular varieties with Kodaira dimension -oo. See [12] for those examples. 
We thank Professor V.A. Gritsenko, whose lecture in the conference "Moduli and 
Discrete Groups" at RIMS, Kyoto (2009) inspired this note and who kindly showed 
his paper llT2ll when we wrote this note. 

A.l. The case 13 < r < 17. 

Theorem A.3. If 13 < r < 17, then K{M(r,a,s)) = 

Proof. Let L_ be the anti-invariant lattice of a 2-elementary ^^3 surface of type 
{r,a,d) with r > 11. We denote g = 11 - ^(r -i- a). By [381 Th. 8.1], there exists 
an automorphic form for 0(L_)''" of weight k = (r - 6)(2^ + 1) with divisor 
div(*I'L_) ^ D'j^ + (2« + l)D'l , where D'^ and D'^ are reduced divisors 

AeL-, A^=-2, AjliVL AeL-, A^=-2, AjleVL 
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By definition, D := D'^ + D^' is the discriminant divisor of . Let R cz D.^ be 
the ramification divisor of the projection D.^ T{0{L-y). We set v = 2^ + 1 
in Theorem IA.2I Since n = 20 - r and r > 13, we get k - vn = 2v{r - 13) > 0. 
Since /? > D by 113] Proof of Th. 1.1.], we get vR - divCF^J > (y - 1)Z)^ > 0. 
When r > 13 or D'^ + 0, the result follows from Theorem IA.2I When r = 13 and 
- 0, then L_ = [/(2) ® My. Let r € L_ be a vector with - -4. Since the 
reflection with respect to r is an element of 0(L_)^, we get r'- cz R and r""" ^ D, 
which implies vR- divQ¥L ) + 0. The result follows again from Theorem lA.2l □ 

A.2. The case r + a = 22 and r < 17. We construct an automorphic form for 
0(L-)^ satisfying the conditions in Theorem IA.2l as a Borcherds product [5|. For 
this, we first construct a modular form of type pi with those properties required in 
im Th. 13.3]. In what follows, we write r_ = r{L-), a_ = a{L-), cr- = 4 - r_. 
Let Mp2(Z) be the metaplectic double cover of SL2(Z), which is generated by 
S := (fj^o), V^) and T ■- {{^ }), 1). See ISi Sect. 2] for more about MpjCZ). 

A.2.1. Elliptic modular forms. We set q - e'^"''^ for t e H and 

DO 

n=l «sZ neZ 

Set Mro(4) := {((^^), Vct + d) e MpjCZ); c = mod 4). By E Lemma 5.2], 
there exists a character : Mro(4) — > {+1, +/} such that 0<2>(''") is a modular form 
for Mro(4) of weight 1/2 with character ;tfe. 

Set 77i-8284-8(t) := 77(t)"^?7(2t)^;7(4t)"^ and define lAmW, m € Z, by 

«Am(T) := ?7i-8284-«W' - 2{m + 16) 77 1-8284-8 (r) %)(Tr. 

Since 7/1-8284-8 (t) is a modular form for Mro(4) of weight -4 with trivial charac- 
ter, tAmlT") is a modular form for Mro(4) of weight with character Since 
7/i-8284-8(t) - + 8 + 36^ + Oiq^) and 6'(2>(t) = 1 + 2^ + Oiq"^), we get 

^/,^(t) ^ q-^ + 2(-m^ - 9m + 124) + O(^). 

Write i/'mC'i") = Z/ez '^mCO q' and define hl'J{T), i e Z/4Z as the series 

Z=( mod 4 

Then we have li,gz/4Z 

A.2.2. Vector-valued elliptic modular forms. Let C[Di ] be the group ring of the 
discriminant group Dl with the standard basis {eylygo^ . The Weil representation 
Pl_ : Mp2(Z) ^ GL(C[DlJ) is defined as follows (cf. [5. Sect. 2]): 

We use the notion of modular forms of type pi , for which we refer to 15] Sect. 2]. 
Our construction is based on the following observation due to Borcherds. 
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Proposition A.4. If<p{T) is a modular form for Mro(4) with character , then 
SlJ0](t)- 2 0l,(T)pL_te'')eo 

^eMro(4)\Mp2(Z) 

is a modular form for Mp2(Z) of type pi of the same weight as that of<p{T), where 
0lg(T) := 0(f^) (CT + dy^'forg - € Mp2(Z). 

Proof See e.g. IH Prop. 7.1]. □ 

Set y := 5"^r25 - ((_2 i)' V-2t+ 1). The coset Mro(4)\Mp2(Z) is repre- 
sented by 1 1, 5, 5 r, 5 5 r3, V). We define v^t := Y,seD,_,S^^kii mod 2 € C[Dl] 
for e Z/4Z. Let 1^ £ be the unique element such that y) - 7^ mod Z 
for all y e Di . By [|38i Proof of Lemma 7.5], we get the following relations 

3 
j(:=0 

771-8284-8 |5 7-/(t) = 2'*?7i-8284-8 ' 771-8284-8 |y(T) = -1677(2r)~'^77(4T)^ 

G(2)\sp(j) = {2ir^-d(2) , ^<2>Iv(t) = %>+i/2(r). 

Then we get 

llfm\sT'(T) = 2 2 i 2 (Aml^— 

Since ?7(2t)'^^77(4t)^ - 1 + 0{q) and 6'(2>+i/2(t) = 2q^'^ + 0{q^l^), we get 
In what follows, we assume r_ < 12 and /« = 8 + o"_. Then 

3 3 3 

^m\sT>(j)pL^ ({S t')-') eo - 2-^ Z Z Z + 

Z=0 ;=0 ;=0 i'eZ/4Z 

3 

-2't^2]/72\t)v,-. 

By Proposition I A.4[ Sl_[iA8+o-_] is a modular form of type of weight cr_/2. By 
the definition of Sl_[iA8+o-_] and the expansion of /j^ (t), we get the expansion 

3 

SlAH+ctMt) = lA8+<r_(T)eo + 2^^ ^ hf^^ {T)yi + (A8+frJy(T)ei^_ 

/=0 

= [<7"2 + 2(-m^ - 9m + 124) + 0{q)] Cq 

+ 2^ [2{-m^ - 9m + 124) + C>(<?)) Vq + 0{q^l^)yi 
+ 2^{^-'/2 + 0(^1/2)) V2 + 0(^^/^)v3 + 0(^"'/^)ei^_. 
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From the first equality, we see tliat 0(L_) preserves Sl_[iJ^&+o--] (cf. ll38l Tli. 7.7 
(2)]). By E Til. 13.3], the Borcherds lift El_ := ^L_(-,SL_[iA8+<rJ) is a holomor- 

_L 1 r——a— 

phic automorphic form on Qj^ for 0(L_) of weight (2^~ + l)(-m - 9m + 124) 
with zero divisor 

div(HL)= ^^ + 2"^ 

Theorem A.5. If r + a = 22 and 1 1 < r < 17, then K{M(r^a,S)) = 

Proof. By the conditions r + a = 22 and 11 < r < 17, we get r_ = a- and 
5 < r_ < 11. We have an explicit expression L = (2)^ ® (-2)'' "^, from which we 
get L! = iL_. We set Z^6L_,i2=-4 Then divCHiJ - 2'H. If A € L. and 
/l^ = -4, then the reflection with respect to A is an element of 0(L_)+. Hence we 
get the inclusion of divisors R D "K, which implies R-'H >0. 

We set y = 1, ^ = -m^-9m+ 124 and Fj- = h|^^ in Theorem lA. 21 Since n = r-- 
2, we get k-n = -m^ - 8m + 1 14 > when r_ > 5, i.e, m <1 . Since div(F,t) - "H, 
we get /? - div(Fjt) > 0. Now the result follows from Theorem IA.2I □ 
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